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DISSEMINATING INQUIRY-BASED SCIENCE
AND MATHEMATICS EDUCATION IN EUROPE

Regina Bruder

Developing a Task Culture
in Mathematics Lessons
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The most important “tools” in mathematics teachers’ lesson planning toolboxes are tasks.
This insight1 made it clear that the programme for “Increasing the Efficiency of Mathematics
and Science Teaching” (SINUS) would need to place a special focus on working with tasks.

First, a clarification of some of the terminology:
The following remarks are based on a broad outline of the terminology, which in the meantime
has proven itself to be sustainable and effective in teaching practice and teacher education
and training:
>> A request for students to engage in learning/doing exercises during maths lessons is
called a task.
Tasks range from prompting students to (elementarily) identify and realise arithmetic terms, contexts and methods along with applications and problem-solving
strategies, as well as encouraging them to recognise connections, describe,
link, execute, explain and interpret through to executing complex actions such
as planning work on a mathematics project, searching for appropriate arithmetic tools including software tools to address a problem, systematising possible
ways of approaching a problem from a mathematical perspective, communicating and evaluating various solution strategies all the way to the impact of
mathematics on society.
>> A task that is difficult for or unfamiliar to an individual is described as a problem task,
an exercise or simply a problem.
So one can only refer to problems and, consequently, solutions to problems
when the individuals responsible for completing them see them as such; i.e.
when the task is introduced into a specific learning situation that the indivi
duals perceive as difficult or at least unfamiliar in terms of their prior mathe
matics experience.
>> Learning to solve problems can be described as learning to understand and apply
methods of solving individually difficult tasks.
>> Working with tasks describes the instructor’s key activities in planning and moderating
a (task-based) learning environment.
>>
Thus, working with tasks comprises the selection, development, variation of
tasks, the manner in which tasks are presented to the learners and the teacher’s assessment of the learning potential of tasks as well as the arrangement
of tasks during a lesson, the provision of sample solutions, development of
performance benchmarks for solutions to problems, the manner in which
the students’ problem-solving process is guided and the elaboration on the
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insight gained from the subject and the learning methods employed, in addition to the selection of the organisational form for evaluating and assessing students’ solutions as part of the classroom management process.
>> Working with tasks is about how learning potential is created in an exercise, task or
special arrangement of tasks and how this potential can actually be used and made
effective.
This definition has resulted in a new emphasis on student activities and learning actions at
various planes of understanding (mental, linguistic, material levels).
Hence, in the following a “task culture” is described as the manner in which students work
with tasks – from offering a high degree of learning potential for all students to utilisation and
implementation in class.

Why Is Further Development of the
Existing Task Culture Necessary?
The problem is quite complex:
When teachers “battle it out alone”, are unable to agree on appropriate learning requirements
and suitable methods with their colleagues and fail to offer mutual support in executing these
programmes, the result is often lower individual standards of learning in a group despite
the best intentions. Beginning from where students actually stand is a truly indispensable
didactic principle today. Nevertheless, this does not imply that we should remain there for
long.
In many cases, the opinion still prevails that the basics must be practised until they become
“second nature”, and that more complex challenges can only be addressed after these funda
mentals have been absorbed. But there is often not enough time for this. What is needed
here are problem formats suited for everyday use that better address the students’ different
reinforcement needs and starting points.
Complaints about students’ unwillingness to make an effort abound. However, many students
view the entry barrier to a problem as too high, causing them to become disheartened and
give up or simply refuse to perform the task. For approaches to solving these problems, see
Section 2.3.
Yet both of these issues are related to the phenomenon of teachers frequently underestimating
students’ abilities. This “underestimation” is subtly apparent even in teaching phases during
which new material is studied. The expertise in preparing the German SINUS p
 rogramme
deals with this topic:
“The narrowing of the study of new material in questioning and developing
lesson discussions to produce a single solution and routine is characteristic
of mathematics instruction and, in all likelihood, teaching subjects in natural
science in Germany.”2
Well-meaning teachers who do not wish to make things too difficult for their students break
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new material down into digestible portions, again leaving no time left to synthesise these
bite-sized chunks of information. This results in insular knowledge that is not sufficiently integrative and can therefore not be accessed or applied in a flexible way. This is exacerbated by
the fact that many lessons are geared towards applying a specific rationale, thereby depriving
students of the opportunity to use common sense and instead encouraging schematic thinking. If tasks are assigned in classwork following a course subject for which there is only one
accepted solution path – namely the one learnt during the lesson (this is intentionally phrased
in a provocative way here) – then this will only reinforce an effect that completely contradicts
general mathematics education 3.
Our students are in no way overwhelmed when they receive the opportunity to embark upon
their own learning paths and are able to elaborate on a number of different solution a pproaches
and choose the ones that they are able to work with most effectively. Experiencing honest,
hard-earned successes bolsters students’ egos with additional positive effects on learning
motivation and willingness to make an effort.
However, when it comes to oft-lamented deficits in learning motivation and willingness to
make an effort, there are additional problems that are at least indirectly linked with task
culture: As long as we permit a situation in which teachers are made primarily responsible for
students’ mistakes, we can hardly expect the consumption-oriented entitlement mentality in
class to change!
What is needed are assignments that enable all students to begin learning about a subject
provided they are willing to put in the required effort. In this sense, the aim is to make successful experiences during lessons possible. And organisational forms of handling tasks are
required that encourage students to take more responsibility for their own education.

Five Aspects of Developing a Task Culture – Summary:
In light of the phenomena and task-related interactions presented here, we recommend a
current development of the existing task culture in the following five directions:
1. Providing and systematically implementing the types of tasks and problem contexts in
lessons that stimulate sustained learning of mathematics.
2. Formulating problems in a way that creates a high activation potential for students.
3. Increasing awareness of problem formats that enable all students to approach a topic
from their personal performance level, yet also offer additional options for stimulating higher achievers. (Goal: Developmentally Appropriate and Stimulating Learning Oppor
tunities)
4. Not simply posing learning requirements in the form of tasks with high learning potential, but also enabling students to execute them (heuristic education).
5. Not merely allowing but also encouraging and reflecting on different learning paths in
elaboration phases along with different solution paths for exercises from practice and
application to performance situations (during exams). This is about teachers initiating,
accompanying and evaluating the students’ problem-solving process in a way that makes
students assume more responsibility for their own education and ensures that individual
learning growth is consciously cultivated.
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Suggestions and Examples of Developing a Task Culture
The five aspects of theoretically established and practically proven options from everyday
education situations outlined in the first section with regard to developing a task culture in
mathematics lessons are presented in the following.
Subsections 2.1 and 2.2 mainly discuss how to activate high learning potential using d
 ifferent
types and forms of exercises and contexts. How to effectively utilise and increase awareness
of the learning potential created is covered in subsections 2.3 - 2.5.

Which Types of Tasks Are Central to Sustained Mathematics Education?
Identification task
Based on the illustrations provided, determine which of the examples are
functions and which are not. What criteria will you use?

Realisation tasks
Offer an example of a functional correlation in mathematics and one from everyday life as well as an example of a correlation that is not a function in the mathematical sense.
Change the function correlations presented here (graphs, tables, equations, statements) so that they can be used to describe a function.

Sustained learning requires a versatile, integrative and multiperspective approach to the subject – but not just any approach will do. A prominent transition point for sustained learning
can be found in the shift from insight or discovery of new interconnections to a phase of
multifaceted practice and application of the new material learnt, for example. When fresh
material is successfully anchored in the mind using an initial identification and realisation task,
the prerequisites for effective, versatile and productive practice and application are achieved
that go far beyond what would be possible without this anchoring. Structurally, both types of
tasks are the inverse of each other, a unique feature that gives them their knowledge-boosting
power. These inverse task pairs can be used to formulate any meaningful mathematical term,
correlation or method and are equally indispensable to the individual learning process for both
high and low achievers. The special function of these task formats should also be p
 ointed
out to students by recommending, e.g. in preparation for performance monitoring, that they
ask themselves precisely these types of identification and realisation questions and as far as
possible find a counterexample for every positive example.
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Application situations for mathematics that challenge students to critically reflect not only on
solution paths but also on the impact or type of application mathematics has in the respective
context are yet another interface for an additional aspect of sustained learning, as Brauner/
Leuders (2006) demonstrate with several examples.
This enables us to develop a task topology that covers a number of central aspects of sustained learning and is relatively easy to manage 4, cf. also Bruder (2003). Eight types of tasks
are presented in the following that arise from varying levels of familiarity with initial and
target situations and possible solution paths – these are the three components that can be
used to describe each task in its structure. Here, the term components of a task is understood
to mean:
1. The initial situation: Prerequisites, defined values, information on a subject or similar.
2.Transformations that propel the initial situation towards the final situation or that lead
from what is given to what is sought: solution path(s), mathematical models, chain of
evidence...
3. The target situation: information sought after, assertion, conclusions, results, etc.
Now this is hardly anything new. But a lesser known concept is: Each of these eight types
can be interpreted with specific functions for the learning process and these functions complement each other. Based on many years of classroom experience, it is safe to assume that
ensuring the right conditions for incorporating all eight of these types in a series of courses
will result in dramatic strides towards sustained mathematics education. The types of tasks
listed in Table 1 reflect the results of combining all of the possibilities the three components
of a task have to offer.
Table 1: Eight central types of tasks for sustained learning

Existing

Transfor-

What is

Description of the type

mations

sought

of task
solved problem

×

×

×

Sample task

Is this correct?

sample problem
error finding task

Where is the error?

Solve the quadratic
equation 3x2 – 7x = 8
simple determination
task (basic task)

Mental arithmetic tasks
Calculate the volume
of a hemisphere with a
radius of 5 cm
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Provide a quadratic
equation whith 2 and
– 3 as its solutions
Determine the radius
of a sphere that has a
volume of 30 cm³
–

×

×

simple inverse task
Number puzzle: the
students use a number
they think of to perform
specific, known calculations and state their
results. The goal is to
state the number they
thought of.
Whenever Frank plays he
always wins.
proving task

×

–

×

How does he do it?

finding a game
strategy

Why is the formula for
for solving quadratic
equations correct?

×

–

–

difficult determina-

Does the Tetra Pack milk

tion task, also: part

carton packaging have

of a graduated task

an ideal design?

(“blossom model”)

–

–

×

more difficult inverse

A pond is designed with

task, modelling prob-

an area of approx. 10 m²

lem with target

–

(–)

×

–

–

–

request that students

Invent sample exer-

invent an exercise

cises for three typical

for an existing

questions in percentage

mathematical tool

calculations.

open-ended problem

Conduct a survey on a

situation

specified subject among

(funnel model)

your fellow students and
present the results.
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Component assignment refers to the answer to the question of whether all required values or
prerequisites are known (x) or not (-), whether a possible solution path is known, stated in the
exercise or already specified (x) or not (-), whether the values to be calculated or positions
asserted (until now or “in general”) are already specified (x) or not (-).
To simplify matters, a distinction is only made between assigned/known (x) and not known
or not explicitly stated (-). This then results in the eight combinations and, thus, eight types
of tasks that differ greatly from each other in terms of their objective. This typification still
reveals little; a great deal of room for creativity remains as the examples of the basic tasks
illustrate.
Nevertheless, this task typification is well suited for determining how varied or even how
overly intellectual one’s own lesson is in terms of the selected tasks.
A larger variety of tasks in the sense of the eight structure types also demonstrably leads
to more methodological diversity in designing lessons and offers students an opportunity
to understand the learning content in a way that goes far beyond formal reproduction and
application.
This table becomes especially interesting when one attempts to construct all eight types
of tasks for a specific subject. It is thus clear that the various types of tasks correspond to
certain aspects of learning with respect to understanding and application: Students understand the essence of a procedure or method when they are able to list situations in which the
new procedure can be applied in a logical way. Moreover, it is also important to discuss the
application conditions. Students are asked to present a (non-trivial) situation to which the
new procedure cannot be applied. This type of task was made popular in games like Taboo,
the object of which is to have a player’s teammate guess a certain word without mentioning
that word or five additional words listed on the card.
Another example: Construct a quadratic term that cannot be simplified with the help of
binomial formulas.
These eight types of tasks can help instructors meet a constant demand in the fields of
educational psychology and educational science: A shift in perspective and cross-linking information within a certain topic. This is why all eight types of tasks should appear in lessons
if possible, especially if the goal is to have students work independently – however, the tasks
should be weighted differently. The eight types cover a range of difficulty levels and include a
large reflection component thanks to the questions on reversing the objective (- x x ), ( - - x)
and the type of task to self-construct tasks (- x - ). But examining a problem that has already
been solved for possible errors also gives students a chance to obtain more in-depth insight
into the subject they are learning.
Based on previous experience in lesson planning with the help of the eight structure types
for tasks, a time ratio of 1:2 for the portion of basic tasks as elementary determination tasks 
(x x -) has proven itself in relation to inversions (- x x), expansions and links to basic tasks
and inventing tasks. Therefore, just as much time should be factored in for problem tasks and
problem situations as for working on basic tasks involving the introduction of new material.
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Assigning Tasks with a High Activation Potential
It is difficult to answer the question of whether a certain task is a “good” task. Lessons are
alive and even seemingly trivial tasks can further a student’s understanding considerably if
teachers succeed at varying content and questions while skilfully embedding the problem in
an interesting context. This applies in any number of contexts, whether historical, technical
or in the form of a puzzle, riddle or game or using real-life examples.
For instance, the activation potential of an exercise can be dramatically increased if aspects
related to motivational psychology for the respective age group are already incorporated into
the way the question is formulated:
We know that students’ enthusiasm tends to wane, for example, when their 7th grade maths
teacher asks them to offer detailed verbal explanations of how they reached their answers. By
the same token, suitable learning situations must be created for logically stringent verbalisations because many students’ reasoning skills in all types of schools often leave a great deal
to be desired.
This is an example of a problem presented in the mathematical supplement to the PISA 2003
exam with individual student examples :

Mara says: “Whatever the number of Uli’s marbles is – if it is three times less than Anja’s, and
Bernd’s is four times as much as Uli’s, then the total number of marbles is odd.” Is Mara right?
Student 1 argues:

Yes, Mara is right.
Student 2 argues:
Yes, Mara is right. If Uli has an odd number of marbles, Anja and Bernd have an even number. The
sum is odd. If Uli has an even number, then Anja has an odd number. The sum again is odd.
Student 3 argues:
With Anja always having three marbles more than Uli it always will be an odd number as 3 is odd.
Student 4 argues:
Yes, because an even number added to an odd number always results in an odd number.
Successful options for activity-boosting verbalisation exercises are based on confidence in the
students’ advising or decision-making skills in a mathematical context.
In our example above, these real solutions can be presented to the students with the task
of understanding and commenting on them. This fundamentally changes the motivational
situation!
>> Determine who solved the problem correctly and give those who made mistakes advice
on how they can improve their work!
Or
>> Compare the solution paths presented. How does the reasoning in each of these cases
differ?
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Having confidence in students’ advising skills also plays an integral role in the following
exercise explaining German lower secondary school education standards 7 in part b):

The Smith family wants to build a patio on their property. It should be rectangular, but cannot exceed
7 m in length and 5 m in width due to bushes and shrubs planted nearby.
Before pouring the cement, a half metre hole is dug in this area. How many cubic metres of soil will
there be?
The Smith family sees an offer in a DIY store flyer for patio tiles in different sizes. The Smiths only
want to tile the patio with whole tiles in a single size.
What would you advise the Smith family to do? Provide reasons for your decision.
Offer
Tile dimensions 35 cm x 35 cm
		
40 cm x 40 cm

€ 2.50 per tile
€ 2.90 per tile

or

Another variation of this activation option would be to present (two) conflicting assertions
and ask:
Who is right? Why?

Example – Cheese Exercise Grade 6

8

One evening, after the two shepherds Francis and Gregory brought their sheep to the stable, they both
sat down in a ditch alongside a country road to eat their supper.
Gregory had five pieces of cheese and Francis only had three. Right at that moment a nobleman
travelling down the road sat down to join them. He asked if they would share their food with him;
naturally he would pay them for their trouble. So each of the men ate the same amount and they all
laughed and talked with one another.
Then the earl said he had to continue his journey, thanked the shepherds and gave them eight coins
for the cheese. When the man had left, the two shepherds began to argue.
How would they divide the coins fairly?
Gregory suggested: each of them should receive the same number of coins as pieces of cheese they
each had with them. Francis felt that the money should be split evenly, giving them both four coins.
The men failed to come to an agreement and had to consult the wise judge for advice.
Pretend that you are the wise judge: What would be the just way of dividing the money? Is there a
better way to split up the coins other than the ways suggested by both of the shepherds?

12
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A fair way to divide the money up based on the amount of cheese each of the shepherds
brought and ate themselves would be for Gregory to receive seven and Francis only one coin.
So Francis would have been better off accepting Gregory’s offer than going before the judge.
Defamiliarisations in the form of riddles fascinate students in lower grades. An expansion of
the cheese exercise could be to ask the students to look for fair ways of sharing in everyday
situations, keeping in mind that fairness is a fluid term, cf. also the association dues task in
Biermann/Blum (2001).
In an additional variation, a task might involve a newspaper article or a graphical presentation
that contains a few inconsistencies.

Dangerous Jogging
The newspaper clipping featured on the
left shows a chart from a German insurance
company.
But readers are not familiar with the figures
for other insurers, much less the overall picture for this type of data in Germany. Many
are quick to generalise. Moreover, only the
absolute figures are presented.
What group of people might be insured by
this company?
Here it is important to know that overall Germans probably play football or go jogging
more than they play tennis or cycle. So it is no surprise really that relatively more accidents occur when playing football. No information is included about the percentages
here.

A task might be:
Write a letter to the editor and put the information in context!
Or:
Ask the author questions about the data presented in the article!
It takes very little effort to realise these variations to the questions and they reduce the
number of obstacles to approaching the exercise for many students. One reason for this lies
in creating a positive reference to the individual (confidence in advising or decision-making
skills, encouragement) or fellow classmates (social motivation), which can noticeably increase students’ willingness to learn.
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Offering Developmentally Appropriate and Stimulating Opportunities for
Everyone
A particular difficulty with elegant and challenging tasks in (older) textbooks is the fact that
the barriers to entry are too high for many students. Some students are unwilling to deal with
a complex problem on their own because they have no direct way of approaching it and feel
overwhelmed. Even though we would like for them to have more endurance and willingness to
make an effort: this situation must be addressed in a methodological way without cementing
it. This makes it all the more important to achieve internal differentiation that requires the
least amount of effort and is as easy to manage as possible, which in turn should help attain
the following objective:
If tasks in a concrete learning situation are developmentally appropriate and stimulating,
they can be accepted as manageable challenges.

Working with Optional Tasks
Optional tasks are one possible means of methodological problem management. It is not
advisable to assign special tasks to certain students in order to strengthen their individual
responsibility for learning. Certainly there is room for advice until most students can realistically judge their capabilities and find the entry level on a worksheet that is appropriate for
them, but for transferring individual responsibility in selecting the level of difficulty there is
no other long-term alternative.
From an organisational perspective, there are a number of different ways to achieve internal
differentiation with optional tasks; two examples include:
>> For (most formal inner mathematical) exercises with gradually increasing levels of
difficulty, it is advisable to specify a certain number of tasks that are to be completed
within a designated amount of time. For example, students could be given a worksheet
with ten problems of varying difficulty that require them to find the zero of a function.
Lower achievers then begin with the first, particularly easy problems and make as
much progress as they can within the time allowed, while higher performers can skip
the initial exercises and proceed straight to the more difficult problems. This also requires individual encouragement so that as many students as possible make a serious
attempt at exhausting their full learning potential.
>> For application exercises and corresponding homework, it makes sense to mark the
exercises on the worksheet with a star or similar symbol to provide students with orien
tation on the difficulty level of the individual exercises. Here as well, the students
are expected to complete a certain number of exercises, but they should try to tackle
problems at two different levels of difficulty at a minimum. This enables students to
assemble their own programme – beginning either with * and gradually moving up or
starting with ** so that they can then try to solve an especially tricky problem with ***.
Cf. also the annexe with the homework example.
It takes a great deal of time and effort to prepare lessons with optional tasks. Comparing results and explaining sources of errors with such a variety of tasks requires excellent
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o rganisational management in the classroom. In higher grades, working with answer keys to
compare individual results is recommended. Students are then asked to pair up and search
for mistakes, for example.

Self-differentiating Tasks – “Blossom Model”
A possible alternative or expansion of work with optional tasks includes problems that are
self-differentiating or differentiating in and of themselves.
So a suitable exercise format would be one that has a low entry barrier, i.e. a partial task
with a basic level that appears to be solvable for students at every level. In an additional two
to three partial tasks (preferably not more!) the level of difficulty in terms of complexity and
required effort should gradually increase. The questions can be more open, i.e. less focused
on having students show their work and more focused on results. The example with the
patio in Section 2.2 already has this format and can be enriched even further. Part c) of the
example below fosters creativity and enables students to work on the problems according to
their own abilities and level of achievement.

Example for Grade 5:
Shortly after their move the Wilson family begins arguing about what to do with their garden.
Mrs. Wilson would like to have enough space so that she can finally plant a vegetable garden,
Mr. Wilson has been dreaming of having a large pond for a while now and the children want a big yard
with plenty of room for them to play and enough space for their guinea pigs to run around freely.
The figure shows an outline of the garden.

State how many parts of the garden are currently grassy
area and how many are vegetable garden.
Calculate the surface area of the garden.
Pretent you are a landscaper. Offer the family a suggestion
on how you would design their garden. In the process, try to
take all of their wishes into consideration.

Constructing an exercise in this manner (according to Schupp) is comparable to the growth of
a thriving plant, which sprouts up in all different directions. Schupp (2003) also recommends
varying the tasks together with students, which can be seen as the next level of professio
nalism in handling tasks.
Task variations do not exist purely for their own sake, however. Biermann/Wiegand/Blum
(2003) describe how these types of variations and openings can take place in a targeted way
using an example of an application involving quadratic equations.
There are good reasons for allowing students to vary the tasks when preparing for perfor
mance monitoring: The ability to reformulate a task independently and to introduce
another aspect to the question results in fewer difficulties with unfamiliar exercises.
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Unfortunately, we frequently observe students becoming fixed on a specific type of question
and feeling helpless when even the slightest changes in phrasing appear. These types of
phenomena can become quite pronounced when teachers change. To gain more flexibility the
students should explicitly learn how to pose meaningful questions or figure out which areas
of the individual scientific disciplines interest them in the first place.

Example: Spheres
1. The figure shows a pyramid made of golf balls.
a. How many golf balls is the pyramid made of?
b. How high is a nine-step pyramid?
c. Determine how high an n-step pyramid will be!
2. Figure out how to package three golf balls! Design a model and explain why you chose it!
3. A popular party game involves guessing how many gum balls are in
a container.
Figure out how many gum balls fit in a cylindrical container with an
inner diameter of 9 cm and a height of 22 cm. Guess first and then
try to make a calculated estimate!

But “blossom model” type tasks are not only ideally suited for offering slower learners a lower
entry barrier, they are also perfect for tapping the potential of higher achievers. “Blossom
tasks” are self-differentiating when teachers allot a certain amount of time to complete them
and ask students to work alone or in pairs to “finish as many as possible” during this time.
That being said, it is also important over the long term to create a learning environment in
which students know that they should not simply attempt the easiest task and then stop
working, but instead that they should exhaust their full potential and use the learning time
available during the lesson as effectively as possible.
Depending on the time frame and learning goals, subtasks can either be omitted or expanded.
The “Spheres” exercise presented above is also suited as a longer term homework assignment
with a presentation that can help tap the creative potential of many students. Packing the
golf balls can also lead to the highly challenging problem of a circumscribed sphere, which
is extremely interesting for four balls, for instance. The sky is the limit with these types of
task variations.
Comparisons of results and solution paths need not be presented as part of a time-consuming
“frontal approach”. Instead they can be handled quite effectively using prepared solution
slides or while discussing student solutions in learning groups. A brief concluding reflection
period in the classroom covers only the remaining difficulties and open questions from the
learning groups and – with the aid of the instructor – summarises and solidifies the most
important concepts and insights on the task (slide, board, poster).
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Strategies and Tools for Solving Difficult Tasks
The following questions will arise even with the most versatile and balanced choice of tasks:
Is it really enough to simply confront students with a different set of learning requirements
(when a certain solution path is no longer expected or prescribed) and then merely hope
that they are able to handle them?
How can a (naturally always individual) increase in academic performance in problem
solving be achieved with mathematical tools in terms of understanding the task as outlined
above?
Task situations that lack determining factors or subsequent opening of what are at first
pre-structured tasks are two strategies that offer the freedom to play around with different
approaches. But are students also familiar with the rules of play? Have their maths lessons
given them a chance to gain the necessary qualifications to take full advantage of this
creative freedom?
It is therefore essential to carefully think through and observe the following key association:
“Do not simply impose learning requirements in class, enable students to meet
these requirements as well.”
Subject-specific and general problem-solving methods and techniques using mathematical aids
are also necessary alongside flexible and integrated fundamental knowledge with the cor
responding skills and a positive attitude towards learning.
This field is also described as “heuristic education”. Gaining heuristic experience means an
increased knowledge and command of methods at the metalevel – namely as an individually
available selection of possible approaches to solving problems with mathematical aids.

Tapping the Learning Potential of a Task and Making Students
Aware of their Learning Progress
An elegant selection of tasks or well-constructed exercises are not the only decisive factors
in sustained learning of mathematics. It is also vital to consider the success with which the
task’s learning potential unfolds. Put another way: the idea is to ensure that students learn as
much as possible with the help of a rich task!
Tasks with graduated requirements (blossom model) or tasks that are challenging overall,
such as open and closed problems, are of particular interest for the ideas that follow.
Regardless of the organisational form selected for presenting or comparing solution paths
and results, the following question should always be posed at the end of a complex exercise:
What helped us to solve the problem?
Answers to this questions can take two directions – one the one hand, the mathematical tools
(concepts, contexts, procedures) and, on the other hand, the implemented heuristic methods
(informative diagram, tables, equations) and strategies (working forward or backwards, ana
logies, principles of return, disassembling etc., cf. Bruder (2000).
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A problem used in explaining the German
education standards for lower secondary
school diplomas 9 features an image with a
large barrel that is moved by different people.
The question is:
Approximately how much liquid will fit in this
barrel? Give reasons for your answer.

When students have completed the exercise, teachers can work together with them to make
them conscious of the following insights:
Which strategies were useful?
>> Reduction of the unknown to the known: barrel with a cylinder or cuboid compare or
approximate
>> Find comparable values: using the average height of a person estimate the size of
the barrel based on the image shown (concept of measurement).
Which types of maths helped us solve the problem?
>> Formula for calculating volume (cuboid, cylinder)
A brief reflection phase with this type of result requires the teacher to provide a clear orientation. In general, students will not be able to complete this on their own without familiarising
themselves and gaining experience over time.
Another option for making students aware of the learning potential of assigned tasks is to ask
them a question related to a new topic at the end of the first practice phase:
What do all of the sample problems we just worked on have in common?
>> Examples of student responses: Intercept theorems could be applied to all of the
exercises as they always involved intersecting lines intercepted by parallels; they all
had to do with pyramids or parts of pyramids; they all were concerned with calculating distance in one form or another, but this can be done in a number of ways.
In what ways did the completed problems differ?
>> Examples of student responses: In some problems we had to work backwards because they called for information that was normally always provided; the numerical
calculations became increasingly difficult; although the text differed from problem
to problem, the calculation process remained the same.
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These types of comparison exercises are also suitable subtasks for homework assignments or
as part of a learning journal. They do not require much time to complete but are comparatively effective at encouraging students to focus their attention on key concepts to be learnt
in class.
The student responses provided above make it easy to identify the type of task arrangement
used here – whether they involved task matrices of a certain type to bolster confidence in
using a new method or complex exercise and application of the latest learning content. Both
are justified, but the main emphasis should be placed on selections of tasks that are geared
more towards complex exercises and applications because these have often been neglected
in the past.
A proven method is to allow students to gradually familiarise themselves with the process
of mentally stepping back from a problem at first to answer the following questions in their
heads:
>> What is the aim of this task?
>> What do I already know about this problem?
>> Which methods and techniques are available to me?
This is where reflection on the procedure at the end of a completed task comes full circle.
After completing the exercise, if they succeed in filtering out which mathematical tools and
strategies helped them they will be able to apply these conscious experiences to new problem
situations as well. This will help them use their existing problem-solving experience to build
a store of knowledge that will provide them with elements to help answer new questions.
The result is a psychological effect that should not be underestimated: Students no longer
feel helpless in the face of a problem – even though heuristic strategies still do not offer any
guarantee of a solution. Nevertheless, they illustrate methods that are worth giving a try.
Once the students have attempted to solve a problem – by themselves if possible, then
together with a learning partner and finally in comparison with a group or the class – and
results and solution paths have been presented, the next step is to explicitly elaborate on how
this task contributed to the students’ learning progress. This should underscore the fact that
the seeds of learning planted by a task will not automatically translate to the classroom but
still require an explicit methodological explanation instead. Simply “working through” task
matrices from standardised tests will not enable students to gain all of the potential insight
there is to offer.
Open tasks – in particular multi-step tasks that, like a blossom, grow from an elementarily
closed subtask into additional, open-ended subtasks – are well-suited for the exercise pro
cess due to their self-differentiation. They are also appropriate for (standardised) tests – with
certain limitations regarding the openness of the results. However, questions with open-ended
results, creative and communicative elements that will not appear on a test as such are an
especially vital element in furthering students’ ability to learn how to flexibly respond to a
topic, thus freeing them to act without inhibition in test situations.
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If we were to succeed at strengthening students’ willingness to accept responsibility for their
own education while achieving clarity of objectives and ensuring that the learning content has
meaning and application for them personally, it would be possible to satisfy many learning
requirements in a less schematic way and with more commitment and dedication.
This would enable working with tasks to achieve the following functions:
>> Working with tasks serves as a means (way) of acquiring knowledge and skills.
>> Working with tasks as a diagnostic tool for progress and results in the learning process
>> Establishing problem-solving abilities as a skill goal.
Enabling students to find, modify and compare tasks goes far beyond asking and solving typical textbook exercises without necessarily being more difficult. The requirements are slightly
different, but they can meet the objective outlined above of getting students to accept personal responsibility for their own education and reflect on their own processes.
Finding, modifying and comparing tasks are all metalevel challenges. They are simply tasks
that deal with tasks!
Finding examples of tasks was already covered in the task typification outlined in Section 2.1.
This type of task is ideal for summarising and systematising as well as for systematic review
of material completed in earlier lessons.
Comparing tasks is of particular significance here. Tasks are what are actually being referred
to, not just their results and solution paths! Once students have completed multiple tasks
or assignments in sequence and compared or presented their results, these tasks and their
solutions are often set aside without any further activities. But this is precisely where students
begin to acquire available knowledge and skills! So if students are asked to find similarities
and differences in the tasks they have just completed, the tasks will need to be viewed again
from a totally different perspective. Then questions or solution paths and, if applicable,
results can be compared in terms of their existence and uniqueness, for instance. The aim
is to address the core of the questions: What were the tasks about? Which terms, procedures
and solution methods and strategies were helpful? (see above)
This type of work with tasks requires foresight for the crucial reflection phases and a sensitive
approach to guiding students even during traditional “chalk and talk” sessions with teachers.
Corresponding meta exercises involving comparing tasks in higher grades can also be introduced within the scope of independently completed learning logs or in learning journals.
If teachers succeed at getting students to contemplate the procedures they use to solve a
problem by completing reflective tasks, it is increasingly likely that the students will actually
have learnt something useful and not simply have been “kept busy”.
So the goal is not to find the “best” tasks, but to understand that working with tasks ultimately plays a key role in learning success. Again and again, we observe successful teachers
“making something” of even the most trivial tasks.
In all three phases of work on a task – from information acquisition on the part of the students
and the creation of an individual learning exercise to information processing all the way to the
presentation of the results – students can obtain valuable orientation through specific work
with a task.
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When Have Students Accepted a Task in a Way that Corresponds to the Learning Goal?
In classrooms we frequently see many students quite successfully making the commonly
assigned tasks their own, by asking questions and trying to understand the teacher’s intentions, for example. However, we also often see teachers partially or completely failing to
transform the assigned task into an individual learning task. Instead of consciously working
with a question, a sequence of movements or a text, some students only work through the
prescribed standards in a schematic way or they busy themselves with something else entirely. In this case, the assigned work and the self-constructed learning task are not aligned
with each other. But it would be helpful for them to be in agreement in order to maximise
individual learning success.
There is no way to automate the process and initiating adequate learning tasks among students depends on a number of factors. The empirical research results obtained by Jäger/
Helmke in the MARKUS Project 10 are worth mentioning here, as they clearly demonstrated
that good learning performance presupposes effective “classroom management”. This should
come as no surprise to seasoned practitioners. So the first assignment for teachers is to
ensure that conditions that foster learning prevail, so that targeted learning tasks (learning
goals) can develop individually. This also includes a quiet atmosphere that promotes concentration and an exhaustive analysis of the problem during the information acquisition phase.
Even the best problems are ineffective if they do not “come across” – in numerous respects.
A favourable learning climate is a necessary but far from sufficient prerequisite here.

In Summary:
>> Task variety alone is no guarantee for successful learning.
>> Problems that allow more creative freedom to construct individually tailored learning
tasks increase the chances of learning success.
This is also why “open tasks” have long been the focus of all types of subject didactics.
However, the criterion of task “openness” alone is not sufficient to put developmentally
appropriate and stimulating student activities in motion. Too many open-ended problems
do not challenge students enough when it comes to performing multifaceted tasks without
defined demands and expectations. For information on how to construct “good” tasks, cf. also
Büchter/Leuders (2005).
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Footnotes
1

The role of tasks in maths lessons was long disputed in the field of subject didactics
in mathematics, cf. also: controversial, Lenné (1969)

2

Expertise „Steigerung der Effizienz des mathematisch-naturwissenschaftlichen Unterrichts“ 1997, see: http://sinus- transfer.uni-bayreuth.de/fileadmin/MaterialienBT/
heft60.pdf

3

Cf. Winter, Heinrich (1995)

4

Tasks can be typified from a number of different perspectives, cf., e. g., also Girmes
(2003).

5

There are 20 matches on the table. Two players play against each other. The person
who is able to take the last match wins if either one, two or three matches can be
taken per turn.

6

Translated here.

7

http://www.kmk.org/schul/Bildungsstandards/Hauptschule_Mathematik_BS_307KMK.
pdf

8

An historic task

9

http://www.kmk.org/schul/Bildungsstandards/Hauptschule_Mathematik_BS_307KMK.
pdf

10

See http://www.lars-balzer.info/projects/projekt_markus.html.
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