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A New Look at Circumcircles and Inscribed Circles

Two simple figures, a triangle and a circle, are the starting point for mathematical explora-
tions. In the course of these explorations interesting viewpoints and unusual approaches to 
the standard themes of circumcircles and inscribed circles are developed. Many suggestions 
for more detailed experiments with triangles and circles invite independent research.

At the outset there are two figures: 
a triangle and a circle.

When you draw both figures next to each 
other on a piece of paper, you get just that – 
a triangle and a circle.

Expressionist Vasily KANDINSKY (1866 – 1944) considered triangles and circles to be much 
more than two basic geometric forms. In almost hymnic terms he describes,

“The meeting of the pointed angle of a triangle and a circle is not less effective 
than the finger of God touching Adam’s finger in Michelangelo”. 

Kandinsky, 1955

What can teaching mathematics offer on the topic of triangles and circles? The combination 
of these two forms occurred probably for the first time in connection with the circumcircle 
and inscribed circle of the triangle. Let us take a look in a time-honoured textbook from the 
year 1948:
  

Fig. 1: Triangle and circle

The circumcircle of a triangle
Exercise: Determine a point that is equidistant from three given points A, B, C; 

or: run a circle through three given points!

Solution: Since the point we are looking for should have the same distance from A and B, it 

is located on the perpendicular bisector to AB. But since it should also be at equal distance 

from B and C, it is located on the perpendicular bisector to BC. The intersection O of these two 

perpendicular bisectors is at the same distance from all of the three points, in particular also 

from A and C. Therefore it must also be on the perpendicular bisector to AC. This results in the 

following proposition:

The perpendicular bisectors on the three sides of a triangle intersect in one point O. (Midpoint 

of the circumcircle;  1 st  “notable point” of the triangle)

Renner, 1948
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The comprehensive account of the contents is admirable in its conciseness. However, for the 
pupils in former times there remained little more to do than to verify the point in question in 
a construction. It can hardly explain Kandinsky’s enthusiasm. 

Experiments with Triangle and Circle

“Would you tell me, please, which way I ought to go from here?” 
“That depends a good deal on where you want to go,” said the Cat

Dialogue between Alice and the Cheshire-Cat 
in “Alice’s Adventures in Wonderland” by L. Carrol

In order to trace Kandinsky’s ideas, we will send the students on a mathematical expedi-
tion. The modern device of dynamic geometry will enrich this excursion in many instances 
(software and the referenced worksheets are available for download, see below). Our aim is to 
transmit some sense of wonder about the mathematical diversity that can be developed from 
the basic forms of triangle and circle.
The task invites participants to select interesting aspects and to study them in-depth or to 
develop them freely into other directions. The subject is also well-suited to raise awareness 
about mathematical methods. In this sense, new knowledge can be derived from familiar 
things; the solution strategies can be applied to many more advanced topics. In addition, it is 
possible to address the topic from various levels: Many properties can be grasped very intui-
tively, but also leave room for precise lines of argument and logical conclusions.

A dynamic worksheet makes these two figures come alive:
Triangle and circle can be varied in manifold ways. Form, size and position are freely 
selectable; the figures can permeate each other and get points of contact in a very illustrative 
way (fig. 2 – 6).

Fig. 2 – 6: Variations of triangle and circle
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At first the students study the manifold possibilities of the relative positions. How many com-
mon points are possible between the two figures? In which cases must the circle midpoint 
be located necessarily inside the triangle? Do the special cases of isosceles, equilateral and 
rectangular triangles offer interesting additional aspects?
Already at this stage many starting points for further investigations emerged. Many possibili-
ties, from a more exact analysis of the intersecting and/or tangential points to surface analysis 
and proportions, seem to exist.

Special Cases: Circumcircle and Inscribed Circle

The two instances of “close-fit” superimposition have emerged as special cases (fig. 7 – 10). 
Which conditions must triangle and circle fulfil to ensure that the triangle with its vertices 
fits exactly on the circle perimeter or that the circle touches the inside of every triangle side 
in one point?

In this way an intuitive access to the subject “circumcircle and inscribed circle of a triangle” 
is possible. At the same time various facets up to the Thales Circle are revealed, which can 
be researched step by step. At this point we will abstain from a detailed description, since 
a great number of elaborated units are available on this subject which are also supported by 
dynamic geometric systems (Baptist 2004, Miller/Ulm 2006).
Let us rather assume that the students already know about the triangle circumcircle and the 
inscribed circle.

One Circle and Many Angles

This knowledge and other basic principles of geometry serve as tools for the exploration of 
new terrain. The solid understanding of the correlation between circle properties and triangle
properties is a good basis for the exploration of similar correlations in quadrangles, and 
possibly in polygons.

Fig. 7 – 10: Special cases: circumcircle and inscribed circle
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A conscious decision has been made at this point to pursue the special cases of circumcircles 
and inscribed circles. Experimentation should not become an end to itself. A topic becomes 
truly interesting only when you can successfully apply the acquired knowledge.

Do All Quadrangles Have a Circumcircle?

Which configuration is particularly suitable for advanced observations? It seems sensible to 
opt for the circumcircle: The construction of the midpoint in a triangle is very simple to carry 
out, and the properties of a circumcircle are easy to describe.
Again the students start with a brief research phase, in which they can orientate themselves, 
gather first impressions, express assumptions and discuss.
A quadrangle with circumcircle serves as starting point. The vertices can be moved freely on 
the circle perimeter, and the radius of the circumcircle is variable too (see below, Download).
The crucial question: Do all quadrangles have a circumcircle?
Though special cases such as squares, rectangles, kites and trapeziums will quickly emerge, 
there is no coherent system, and neither can special angles or parallelisms be observed. The 
position of the circle midpoint seems to be arbitrary too (fig. 11 – 14). 

At this point a sheet of 
sketching paper will be 
helpful to notate quadran-
gles that probably do not 
have a circumcircle.

Here are two examples:
 

Fig. 15: Quadrangles without circumcircle

Fig. 11 – 14: Quadrangles with circumcircle
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In everyday class situations, tasks that require the broaching of new terrain, and accordingly 
more complex analyses, present considerable obstacles for students. At the outset there is 
bewilderment: “I don’t know where to start. We haven’t done any of that yet …“

At this point it is worthwhile to stop and take a good look at the treasures that have already 
been unveiled.
How does the new situation differ from the old one? In fact, only one angle has been add-
ed. And upon close inspection, a quadrangle can be represented as a combination of two 
triangles. 
A dynamic worksheet helps to recover many familiar elements in the new situation. The two 
triangles can be deduced from the quadrangle; at the same time the perpendicular bisectors 
of these triangles become apparent. At the red-marked vertices of the quadrangle the shapes 
of the two triangles can be varied (fig. 16).

The following directions support the work:
Experiment with the quadrangle and the two partial triangles. 
Pay particular attention to the properties of the dotted lines.
Join the blue and the green triangle together outside the quadrangle and observe the 
lines when you vary the shape of the quadrangle.
Make a note of everything that seems remarkable to you and discuss your results with 
your partner.
Keep the goal in mind: Discover under which circumstances a quadrangle has a 
circumcircle.

Fig. 16: Quadrangle and triangles with perpendicular bisectors
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By overlaying the triangle circumcircles, it is easily possible to verify the theoretical solution: 
If the circle midpoints of both partial triangles coincide, the quadrangle has a circumcircle. 
The following statement amounts to the same: If the perpendicular bisectors of the quadran-
gle intersect in one point, the quadrangle has a circumcircle. 

At this point there is the option to delve even deeper: Does the feature “The quadrangle has a 
circumcircle” have an impact on other quantities such as the internal angle and side lengths? 
Is it possible to deduce unambiguous principles? The possibility to overlay the angle and side 
dimensions in the dynamic construction can provide useful assistance. Another option is to 
investigate special cases such as the square, rectangle, rhombus, etc. 

The realisation that the research into the 
quadrangle can be traced back to the start-
ing point “circumcircle of the triangle” now 
makes it easy to also examine polygons with 
more than four angles. Essentially in each 
case only a triangle is added; the conditions 
of the circumcircle do not change anymore: 
In every case the circumcircle midpoints of 
the decomposed triangles coincide (fig. 17).

The Inscribed Circle – Many Analogies with Stumbling Blocks

At first it seems as if the inscribed circle 
of polygons will be quickly revealed.
But careful: not every analogous conclu-
sion will lead to the goal.
A parallel treatment of the inscribed cir-
cle can be done if after an initial explora-

tory phase there is consensus to continue 
the work in study groups. From the intersections 

of the angle bisectors the circumstances under which 
polygons will have an inscribed circle can be deduced.

However, an attempt to return to the familiar inscribed circle of 
the triangle by triangle decomposition will fail (fig. 18). But the exami-

nation of the obvious aberration provides a good opportunity to develop strong 
argumentation skills.

Fig. 17: Hexagon with triangle 

circumcircles

Fig. 18: Decomposition into two 

triangles with inscribed circle
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Yet the idea to seek a solution by means of two triangles is not absurd. Again the dynamic 
worksheet will be helpful here. The quadrangle can be remodelled in multiple ways into 
a triangle by pulling in each case three vertices on a straight line. Now the analogous 
conclusion about the inscribed circles of the triangles becomes easy (fig. 19 – 22).

Outlook: One Triangle – Many Circles 
and Even More Variations

A triangle and a circle, joined together, offer sheer inexhaustible opportunities for research.
For one, how about packing two or more circles into one triangle?
Upon closer inspection this configuration leads directly to the area of scaling, but we also 
meet long-familiar figures again – the triangle and quadrangle with inscribed circle (fig. 23).

A worthwhile new chapter. Further variations on this topic can be found in the publication 
of Hans SCHUPP (Schupp 2002) and on the main server of the SINUS-Transfer programme 
(see below). 

Fig. 19 – 20: The quadrangle turns into a triangle

Fig. 21 – 22: Quadrangles with and without incircle
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Naturally also the transversals in the quadran-
gle, pentagon, ... offer much scope for further 
research. The contribution “Three – Four – 
Five – Many” by P. Baptist and C. Miller in 
this edition deal with this subject.

Download

The dynamic worksheets and GEONExT constructions described above are available from the 
section Materialien/Publikationen at http://geonext.de.
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Fig. 23: Triangle with two tangential circles
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